The main goal of the paper is to solve some problems about shadow for the sphere generalized on the case of the ellipsoid. Here, the essence of the problem is to find the the minimal number of non-overlapping balls with centers on the sphere which are not holding the center of the sphere and such that every line passing through the center of the sphere would intersect at least one of the balls. Another method of solving the shadow problem for the sphere is also proposed.
In 1982 G. Khudaiberganov proposed the problem about shadow [5] that can be formulated as follows: what is the minimal number of closed (open) non-overlapping balls in the space R n with radiuses less than the sphere radius, with centers on it and such that every line passing through the center of the sphere would intersect at least one of the balls.
This problem (and similar to it) may be written briefly as: what minimal number of some objects generates the shadow at the point.
This problem was solved by G. Khudaiberganov for the case n = 2: it was proved that two balls are sufficient for a circumference on the plane. For all that, it was also made the assumption that for the case n > 2 the minimal number of such balls is exactly equal to n.
Yu. Zelinskii mentioned this problem in many of his works (cf., e.g. [1 -2] ). The problem is also interesting from the standpoint of convex analysis as a special case of the problem about membership of a point to the 1-hull of the union of some collection of balls. In [3] , Yu. Zelinskii and his students proved that three balls are not sufficient for the case n = 3, but it is possible to generate the shadow at the center of the sphere with four balls. In their work it is also proved that for the general case the minimal number is n + 1 balls. Thus, G. Khudaiberganov's assumption was wrong. In [3] , it is also proposed another method of solving the problem for the case n = 2 which gives some numerical estimates. In [4] , the complete answer to this problem for a collection of closed and open balls was obtained.
In the present work, we provide our own analytically-geometrical proof of three-dimensional case of the sphere and its generalizations on the prolate ellipsoid. First, we consider the case of the sphere.
Thus, let three balls generate shadow for the center of a sphere. Let us denote them as B 1 , B 2 , B 3 . We also will consider double-napped cones with common vertex at the center of the sphere with generators tangent to the balls. Here and further such cones will be referred to as cones under the balls and will be denoted as K 1 , K 2 , K 3 , respectively. It is obvious that every line that lies within the cones will cross at least one of the balls. Further, without loss of generality, let us situate the center of the unite sphere at the origin O, the center of the firs ball B 1 (A, r 1 ) with the radius r 1 at the point A = (0, 0, 1), a = −→ OA, and the center of the second ball B 2 (B, r 2 ) with the radius r 2 at the point B = (0,
The conic surfaces K 1 and K 2 will intersect in two lines which are common tangents to the balls B 1 , B 2 and which will be denoted as x ′ , x ′′ ( Figure 1 ). Those cases when the cones are tangent or do not intersect are not considered for they correspond to such situation of the balls when it is impossible to generate the shadow for the sphere center. Indeed, if cones would not intersect, it could be found a plane passing through the center of the sphere and not intersecting any of the cones. Then the third ball could not overlap the plane. If cones would be tangent then, in the case of open balls, again it could be found the plane passing through the center of the sphere and not intersecting any of the cones and, in the case of closed balls, it would be the same plane without the tangent line which obviously the third ball could not overlap too. 
Let us express x 1 , x 2 in terms of r 1 , r 2 . Using the fact that |a| = |b| = 1 and |a − b| = r 1 + r 2 we will get the scalar product 
From (1)- (3) and considering b 2 = 1 − b 2 3 , we get
And from (2) and given |x| = 1, we obtain
Figure 2 Thus, the expression x 1 x 2 is a function of two variables r 1 , r 2 for which a maximum should be found in the open square (0, 1) × (0, 1). Using simple but intensive calculations, we obtain that x 1 x 2 < 1 which implies
It is obvious that the same considerations are also valid for the ball B 3 . Now, let us consider a cone containing the ball B 1 and equidistant from the cone K 1 on some angle small enough. The whole cone should be contained inside the cones K 2 , K 3 , which is impossible, for the projection of the part containing in the cone K 2 or K 3 on the plane xOy is in the sector ϕ < π/2, which gives the whole constructed cone can not be kept in the shadow of the balls B 2 , B 3 .
Thus, three balls are not sufficient to generate the shadow for the center of a sphere. But, we remind, that it can be done with four balls, which is demonstrated in [3] .
Let us consider an interesting fact being relevant to the problem. Let the balls be open and one of them has the radius that is equal to the radius of the sphere. It is obvious that such a ball generates the shadow everywhere except the equatorial plane tangent to the ball. Thus, for the other balls it would be sufficient to generate the shadow only on the equator. Let the second ball be tangent to the first one, then using the methods of junior course of mathematics, it is not difficult to show that the maximal angle at which intersection of the second ball with the equatorial plane can be seen from the center of the sphere is obtained in the limit when the center of the second ball tends to the point that is diametrically opposite to the center of the first one and is equal to π/2. In other words, this fact proves that it is not possible to cover the equator with the other balls. Now let us consider a prolate ellipsoid instead of the sphere and let us impose the condition such that the open balls with centers on the ellipsoid do not contain the ellipsoid center. If one places the center of the first ball at the base of the ellipsoid minor axis and with the radius equal to this axis, then, similar to the case of sphere, only the equatorial plane stays open. If one chooses ellipsoid major axis long enough and the second ball also situates at its base, then this ball would cover angle large enough and less then π, which gives the possibility for the third ball whose center lies on the minor axis rotation line to cover the rest of the angle.
If, in addition, we consider the closed balls which are not containing the ellipsoid center, then the previous statements can not be used for the radius of the first ball can not be equal to minor axis. That is why we somewhat decrease it. And, given the possibility for the second ball to be arbitrarily large, we will ensure for the rest of the area to be also closed by the third ball placed on the minor axis rotation line.
Thus, there exist a prolate ellipsoid and three mutually nonoverlapping open (closed) balls with centers on it which do not intersect the ellipsoid center such that they generate the shadow at this point. It is obvious that two balls are not sufficient to generate the shadow at the center of any ellipsoid. Thus, the following proposition is valid. Proposition. There exists a prolate ellipsoid such that it is necessary and sufficient to have three mutually non-overlapping open (closed) balls with centers on it which do not intersect the ellipsoid center to generate the shadow at the ellipsoid center.
Moreover, for every prolate ellipsoid with ratio between its major and minor axis more than some certain value the Proposition is valid.
The following problem is naturally arising: Problem. What minimal value of ratio between prolate ellipsoid major and minor axis is sufficient for three mutually non-overlapping open (closed) balls which do not hold the ellipsoid center and with centers on the ellipsoid to generate the shadow at the ellipsoid center.
In [2] , there are considered sets similar to the convex ones which are defined as follows.
It is easy to verify that both definitions satisfy the axiom of convexity: the intersection of every subfamily of such sets also satisfies the definition. For every set E ⊂ R n , it can be considered the minimal m-convex set containing E which is called m-hull of the set E. Now, the Problem can be considered as a partial case of the membership of a point to the 1-hull of a union of some collection of balls, similar to the case of the sphere, as in [3] , [4] . What minimal value of ratio between major and minor axis of a prolate ellipsoid ensures the membership of the ellipsoid center to 1-hull of the union of three mutually non-overlapping open (closed) balls which do not intersect the ellipsoid center and with centers on the ellipsoid.
We will consider the closed balls for definiteness. Let us denote radius-vectors of the balls' centers as a 1 , a 2 , a 3 and the balls radiuses as r 1 , r 2 , r 3 , respectively. Without loss of generality, let us consider prolate ellipsoid with the unit minor axis, the major axis equal to d and with the center at the origin. Further, let us build the cones of one nappe under each of the balls with the common vertex at the origin as it was done above. We can get the equation of the cone surface from the formula of cosine of the angle between its axis and generator:
The equation
defines the closed cone. We consider the system of linear equations
Let vector x be a solution of the system. If |x| = 1, then x lies on the common cone tangent line. If |x| ≤ 1, then the cones under the balls have the common ray Ox. If, in addition, |x| > 1, then none of the cones contains x, but x belongs to a common generator of cones with the smaller cosines of the angles between the cone axis and its generator which contain the cones under the balls in their interior,
therefore, the intersection of the cones under the balls contains only the point O. Now, we also consider three cones symmetrical to the given ones with respect to the origin. For the 1-hull of three balls to contain the origin, it is necessary and sufficient that the union of given six cones contain the whole space. For that, what is obvious, it is sufficient that each three cones which do not have the pare of symmetrical cones posses nontrivial intersection.
Let us denote the collection of eight vectors as {s i = (±1, ±1, ±1)}. Then all conditions of the respective three cones' intersections can be presented as
. We obtain the following problem of the conditional minimization of function:
Lagrange multiplier method or numerical methods can be applied to this problem.
Since all restrictions are algebraic, we may use Sequential Least SQuares Programming from the package SciPy for Python to find the minimum. The calculations give us the minimum value approximately equal to 2 √ 2.
Minimum d min = 2 √ 2 can not be reached and it is the limit value for the following three-parameter family of configurations:
where r 1 , r 2 , r 3 are radiuses of the balls, and x, y, z are the parameters.
Therefore, the desired minimal value of ratio between the ellipsoid major and minor axis equals to 2 √ 2. Thus, the following theorem is proved: Theorem 1. Let a prolate ellipsoid with value of ratio between its major and minor axis more then 2 √ 2 is given. In order that the center of the ellipsoid belongs to 1-hull of the union of mutually non-overlapping closed (open) balls which do not hold the ellipsoid center and with centers on the ellipsoid, it necessary and sufficient to have three balls.
Let three balls generate the shadow at the center of a prolate ellipsoid. Let us change the scale along the ellipsoid major axis to transform, by virtue of linear conversion, the ellipsoid to the sphere and the balls to the prolate ellipsoids with parallel axis. Now we use the invariance of 1-convexity with respect to affine transformation ( [2] ), which gives the obtained ellipsoids to generate the shadow at the center of the sphere.
In such a way, the following theorem is proved: Theorem 2. It is sufficient to have three mutually non-overlapping closed (open) prolate ellipsoids which do not hold the sphere center and with centers on the sphere to generate the shadow at the sphere center. Moreover, the ellipsoids can be mutually homothetic.
